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Abstract
A surface in a semi-Riemannian manifold is called marginally trapped if its mean curvature vector field is light-like at each
point. In this article, we classify marginally trapped Lorentzian flat surfaces in the pseudo-Euclidean space E42. As an application,
we obtain the complete classification of biharmonic Lorentzian surfaces in E42 with light-like mean curvature vector.
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1. Introduction
Let E42 denote the pseudo-Euclidean 4-space endowed with the canonical neutral metric:
g0 = −dy21 − dy22 + dy23 + dy24 , (1.1)
where (y1, . . . , y4) is a rectangular coordinate system of E42.
A vector v is called space-like (respectively, time-like) if 〈v, v〉 > 0 (respectively, 〈v, v〉 < 0). A vector v is called
light-like if it is nonzero and it satisfies 〈v, v〉 = 0.
A curve z : I → E42 defined on an open interval I ⊂ R is called null if it velocity vector z′(x) is light-like for each
x ∈ I .
The light-cone LC is defined by
LC = {x ∈ E42: 〈x, x〉 = 0}.
In the theory of cosmic black holes, if there is a massive source inside the surface, then close enough to a massive
enough source, the outgoing light rays may also be converging; a trapped surface. Everything inside is trapped.
Nothing can escape, not even light. It is believed that there will be a marginally trapped surface, separating the trapped
surfaces from the untrapped ones, where the outgoing light rays are instantaneously parallel. The surface of a black
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generates a hypersurface in space–time, a trapping horizon. However, the issue of differentiability of the boundary of
the trapped region is still widely open.
For strictly stable outer marginally trapped surfaces, the following two results were proved in [1]:
(i) Local existence of a trapping horizon; and
(ii) Outgoing light rays are converging just inside and diverging just outside such a surface.
In terms of the mean curvature vector field, we call a submanifold in a semi-Riemannian manifold marginally
trapped if its mean curvature vector field is light-like at each point on the submanifold.
Let L : M → E42 be an isometric immersion of a Lorentzian surface M into E42. Denote by  the Laplacian on M
acting on smooth functions. The Laplacian  can be extended to act on E42-valued maps P = (P1, . . . ,P4) by
P = (P1, . . . ,P4).
It is well known that the position vector of M in E42 satisfies (cf. [4,5])
L = −2H, (1.2)
where H is the mean curvature vector of M in E42. It follows from (1.2) that M is minimal in E42 if and only if the
immersion L is harmonic, i.e., L = 0.
An isometric immersion L : M → E42 is called biharmonic if and only if we have (cf. [5,7,10])
2L = 0. (1.3)
It is known that biharmonic submanifolds are closely related with the critical points of the bi-energy functional (see
[2,15] for details).
In this article, we obtain the classification of the family of marginally trapped Lorentzian flat surfaces in the pseudo-
Euclidean space E42. As an application, we give in the last section the complete classification of biharmonic Lorentzian
surfaces in E42 with light-like mean curvature vector.
2. Preliminaries
Let L : M → E42 be an isometric immersion of a Lorentzian surface M into E42. Denote by ∇ and ∇˜ the Levi-
Civita connections of M and E42, respectively. For any vector fields X,Y tangent to M , the Gauss formula is given by
(cf. [3,12])
∇˜XY = ∇XY + h(X,Y ), (2.1)
where h is the second fundamental form of M in E42. For any tangent vector X and normal vector field ξ , the Wein-
garten formula is given by
∇˜Xξ = −AξX +DXξ, (2.2)
where Aξ is the shape operator with respect to ξ and D the normal connection. In general, Aξ is not diagonalizable.
The mean curvature vector H is given by
H = 1
2
traceh. (2.3)
It is well known that h and A are related by〈
h(X,Y ), ξ
〉 = 〈AξX,Y 〉. (2.4)
Let R denote the curvature tensor of M associated with ∇ . The equation of Gauss is given by〈
R(X,Y )Z,W
〉 = 〈h(X,W),h(Y,Z)〉− 〈h(X,Z),h(Y,W)〉. (2.5)
For the second fundamental form h, we define the covariant derivative of h by
(∇¯Xh)(Y,Z) = DXh(Y,Z)− h(∇XY,Z)− h(Y,∇XZ). (2.6)
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(∇¯Xh)(Y,Z) = (∇¯Y h)(X,Z). (2.7)
If we denote by RD the curvature tensor associated with the normal connection D, i.e., RD(X,Y ) = DXDY −
DYDX −D∇XY , then the equation of Ricci is given by〈
RD(X,Y )ξ, η
〉 = 〈[Aξ ,Aη]X,Y 〉 (2.8)
for X,Y tangent to M and ξ, η normal to M .
Define the covariant derivative ∇Aξ of Aξ by
(∇XAξ )Y = ∇X(AξY )−Aξ(∇XY). (2.9)
From (2.6) and (2.9) we obtain
〈
(∇¯Xh)(Y,Z), ξ
〉 = 〈(∇XAξ )Y,Z〉− 〈ADXξY,Z〉. (2.10)
Let {e1, e2} be a pseudo-orthonormal tangent frame on M which satisfies
〈e1, e1〉 = 〈e2, e2〉 = 0, 〈e1, e2〉 = −1. (2.11)
If we put
∇Xe1 = ω11(X)e1 +ω21(X)e2, ∇Xe2 = ω12(X)e1 +ω22(X)e2, (2.12)
then we obtain from (2.11) that ω21 = ω12 = 0 and ω22 = −ω11. Thus, we have
∇Xe1 = ω(X)e1, ∇Xe2 = ω(X)e2. (2.13)
We put ω1 = ω(e1) and ω2 = ω(e2).
We recall the following lemma from [4,7] for later use.
Lemma 2.1. Let L : M → E42 be an isometric immersion of a Lorentzian surface M into E42. Then the immersion is
biharmonic if and only if, with respect to a pseudo-orthonormal frame {e1, e2} satisfying (2.11), the mean curvature
vector field H of L satisfies
DH = h(e1,AHe2)+ h(e2,AHe1), (2.14)
2 grad
(〈H,H 〉)+ 4 traceADH = 0, (2.15)
where D is the Laplace operator associated with the normal connection D, i.e.,
D = De1De2 +De2De1 −D∇e2e1 −D∇e2e1 . (2.16)
3. An existence result
We need the following existence for the next section.
Proposition 3.1. Let U be a simply-connected domain of the Lorentzian plane E21 = {(x, y): x, y ∈ R} with metric
g = −dx dy. Let M denote the flat surface given by U together with the flat metric g = −dx dy. Assume that γ and
δ are nonconstant functions defined on M satisfying
γx + (ln δ)xγ = (lnβ)y, δx 	= 0, (γ δ)x 	= 0, (3.1)
(ln δ)xy − (lnβ)xy = 2βγ, (3.2)
with
β = δδx2 . (3.3)γ γy − 2γ δx − γyδ − 2γ γxδ
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immersion ψγδ : M → E42 whose second fundamental form h and normal connection D satisfy
h
(
∂
∂x
,
∂
∂x
)
= βe4 − βγ
δ
e3, h
(
∂
∂x
,
∂
∂y
)
= e3, h
(
∂
∂y
,
∂
∂y
)
= γ e3 + δe4, (3.4)
D ∂
∂x
e3 = δx
δ
e3, D ∂
∂y
e3 = βy
β
e3, D ∂
∂x
e4 = −δx
δ
e4, D ∂
∂y
e4 = −βy
β
e4, (3.5)
for some pseudo-orthonormal normal frame {e3, e4} satisfying
〈e3, e3〉 = 〈e4, e4〉 = 0, 〈e3, e4〉 = −1. (3.6)
Proof. Let D,M,g,β, γ, δ be defined as above. Assume that β,γ and δ satisfy (3.1), (3.2) and (3.3). Obviously, the
Levi-Civita connection of M satisfies
∇ ∂
∂x
∂
∂x
= ∇ ∂
∂x
∂
∂y
= ∇ ∂
∂y
∂
∂y
= 0. (3.7)
Let E be a rank-two Lorentzian vector bundle over M and ξ1, ξ2 be cross sections of E satisfying 〈ξ1, ξ1〉 =
〈ξ2, ξ2〉 = 0 and 〈ξ1, ξ2〉 = −1. Define a metric connection ∇⊥ on E by
∇⊥∂
∂x
ξ1 = δx
δ
ξ1, ∇⊥∂
∂y
ξ1 = βy
β
ξ1, ∇⊥∂
∂x
ξ2 = −δx
δ
ξ2, ∇⊥∂
∂y
ξ2 = −βy
β
ξ2. (3.8)
Moreover, we define an E-valued symmetric bilinear map on M by
σ
(
∂
∂x
,
∂
∂x
)
= βξ2 − βγ
δ
ξ1, σ
(
∂
∂x
,
∂
∂y
)
= ξ1, σ
(
∂
∂y
,
∂
∂y
)
= γ ξ1 + δξ2. (3.9)
It is straightforward to verify that (E,g,∇⊥, σ ) satisfies the equations of Gauss, Codazzi and Ricci. Thus, after
applying the fundamental existence and uniqueness theorems of submanifolds, we conclude that, up to rigid motions
on E42, there exists a unique isometric immersion ψγδ : M → E21 whose second fundamental form h is given by σ and
whose normal connection D is given by ∇⊥.
Since the mean curvature vector of ψγδ is given by
H = −h
(
∂
∂x
,
∂
∂y
)
= −e3,
which is light-like at each point, the immersion ψγδ is marginally trapped. 
4. Classification of marginally trapped Lorentzian flat surfaces
Marginally trapped Lagrangian surfaces in Lorentzian complex space forms have been completely classified in [6].
Further, marginally trapped surfaces with positive relative nullity in Lorentzian space forms and in Robertson–Walker
space–times are completely classified in [8,9], respectively.
In this section, we classify marginally trapped Lorentzian flat surfaces in E42.
Theorem 4.1. If L : M → E42 is a marginally trapped Lorentzian flat surface in E42, then L is congruent to a surface
of the following eight types:
(1) A surface defined by
L(x, y) = 1√
2
(
ϕ(x, y), x + y, x − y,ϕ(x, y)),
where ϕ(x, y) is a function with ϕxy > 0 on an open domain U ⊂ E2.1
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L(x, y) = z(x)y +w(x),
where z(x) is a null curve in the light-cone LC and w(x) is a null curve satisfying 〈z′,w′〉 = 0 and 〈z,w′〉 = −1.
(3) A surface defined by
L = 1
2ab
(2ab cosax cosby − sinax sinby,2ab cosax sinby + sinax cosby,
2ab cosax cosby + sinax sinby,2ab cosax sinby − sinax cosby),
with a, b > 0.
(4) A surface defined by
L = 1
2ab
(2ab cosax coshby − sinax sinhby,2ab cosax sinhby + sinax coshby,
2ab cosax coshby + sinax sinhby,2ab cosax sinhby − sinax coshby)
for some positive numbers a, b.
(5) A surface defined by
L = 1
2ab
(2ab coshax coshby − sinhax sinhby,2ab coshax sinhby + sinhax coshby,
2ab coshax coshby + sinhax sinhby,2ab coshax sinhby − sinhax coshby)
for some positive numbers a, b.
(6) A surface defined by
L(x, y) = z(y) cosax +w(y) sinax,
where a is a positive number and z,w are null curves lying in the light cone LC satisfying 〈z,w〉 = z′′ + δz =
w′′ + δw = 0 and 〈z,w′〉 = a−1 for some nonconstant function δ(y).
(7) A surface defined by
L(x, y) = z(y) coshax +w(y) sinhax,
where a is a positive number and z,w are null curves lying in the light cone LC satisfying 〈z,w〉 = z′′ + δz =
w′′ + δw = 0 and 〈z,w′〉 = a−1 for some nonconstant function δ(y).
(8) A surface ψγδ : M → E42 defined in Proposition 3.1.
Proof. Let U be a connected open subset of the Lorentzian plane E21 with Lorentzian metric −dt2 + ds2. Without
loss of generality, we may assume that (0,0) is in U . Put
x = t + s√
2
, y = t − s√
2
.
Then the metric tensor of U with respect to x, y is given by g = −dx dy. Let M denote U endowed with the flat
Lorentzian metric g = −dx dy. Then { ∂
∂x
, ∂
∂y
} form a pseudo-orthonormal tangent frame so that
〈
∂
∂x
,
∂
∂x
〉
=
〈
∂
∂y
,
∂
∂y
〉
= 0,
〈
∂
∂x
,
∂
∂y
〉
= −1, ∇ ∂
∂x
∂
∂x
= ∇ ∂
∂x
∂
∂y
= ∇ ∂
∂y
∂
∂y
= 0. (4.1)
Assume L : M → E42 is a marginally trapped immersion of the flat Lorentzian surface M into the pseudo-Euclidean
space E42. Then it follows from (4.1) and the definition (2.3) of the mean curvature vector that
H = −h
(
∂
∂x
,
∂
∂y
)
. (4.2)
Since H 	= 0 is light-like, we may choose a pseudo-orthonormal normal frame {e3, e4} such that
H = −e3, 〈e3, e3〉 = 〈e4, e4〉 = 0, 〈e3, e4〉 = −1. (4.3)
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h
(
∂
∂x
,
∂
∂x
)
= αe3 + βe4, h
(
∂
∂x
,
∂
∂y
)
= e3, h
(
∂
∂y
,
∂
∂y
)
= γ e3 + δe4,
Ae3 =
(
0 δ
β 0
)
, Ae4 =
(
1 γ
α 1
)
(4.4)
for some real-valued functions α,β, γ, δ. Let us put
DXe3 = ω33(X)e3 +ω43(X)e4, ∇Xe4 = ω34(X)e3 +ω44(X)e4, (4.5)
then it follows from (4.3) that ω43 = ω34 = 0 and ω44 = −ω33. Thus, we obtain
DXe3 = φ(X)e3, DXe4 = −φ(X)e4 (4.6)
for a 1-form φ. Let us put φ1 = φ( ∂∂x ), φ2 = φ( ∂∂y ).
By using (4.4), (4.6) and Eq. (2.6) of Codazzi, we find
γx = φ2 − γφ1, (4.7)
δx = δφ1, (4.8)
αy = φ1 − αφ2, (4.9)
βy = βφ2. (4.10)
Applying the equation of Gauss, Eq. (4.4), and the flatness of M , we obtain
αδ = −βγ. (4.11)
We divide the proof into several cases:
Case (A): δ = 0.
Equation (4.11) implies that either (a) β = 0 or (b) γ = 0.
Case (A.a): δ = β = 0.
In this case, Eq. (4.4) gives
h
(
∂
∂x
,
∂
∂x
)
= αe3, h
(
∂
∂x
,
∂
∂y
)
= e3, h
(
∂
∂y
,
∂
∂y
)
= γ e3. (4.12)
From Ae3 = 0 and De3 = φe3, we get ∇˜e3 = φe3. So, we have
∂e3
∂x
= ∇˜ ∂
∂x
e3 = φ1e3, ∂e3
∂y
= ∇˜ ∂
∂y
e3 = φ2e3,
which implies that ∂φ2
∂x
= ∂φ1
∂y
. Thus, the 1-form φ = φ1 dx + φ2 dy is a closed form. Hence, by applying Poincaré’s
lemma, φ is locally exact, i.e., φ = dF for some function F(x, y). We may put F = lnfxy for some function f . Now,
by applying ∇˜e3 = φe3 and φ = d(lnfxy), we find
∂e3
∂x
= (lnfxy)xe3, ∂e3
∂y
= (lnfxy)ye3.
Solving this system gives e3 = fxyc1 for some vector c1 ∈ E42. Since e3 = −H is light-like, we may put c1 =
1√
2
(1,0,0,1). Thus, we get
e3 = 1√ (fxy,0,0, fxy) (4.13)
2
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φ = d(lnfxy) that
φ1 = (lnfxy)x, φ2 = (lnfxy)y. (4.14)
Combining this with (4.7) and (4.9) gives
αy + α(lnfxy)y = (lnfxy)x, γx + γ (lnfxy)x = (lnfxy)y.
Solving these two differential equations for α and γ yields
αfxy = fxx + p(x), γ fxy = fyy + q(x)
for some functions p(x), q(y). Therefore, (4.12) can be written as
Lxx =
(
fxx + p(x)
)
c1, Lxy = fxyc1, Lyy =
(
fyy + q(y)
)
c1. (4.15)
After solving this system we obtain
L(x, y) = (f (x, y)+ P(x)+Q(y))c1 + c2x + c3y (4.16)
for some functions P(x),Q(y) and vectors c2, c3 ∈ E42. Therefore, after choosing suitable initial conditions and by
putting ϕ(x, y) = f (x, y)+ P(x)+Q(y), we obtain case (1) of the theorem.
Case (A.b): δ = γ = 0.
Equation (4.4) reduces to
h
(
∂
∂x
,
∂
∂x
)
= αe3 + βe4, h
(
∂
∂x
,
∂
∂y
)
= e3, h
(
∂
∂y
,
∂
∂y
)
= 0, (4.17)
Ae3 =
(
0 0
β 0
)
, Ae4 =
(
1 0
α 1
)
. (4.18)
From Eqs. (4.7)–(4.10) and (4.18), we have
φ2 = 0, φ1 = αy, βy = 0, Ae3
(
∂
∂x
)
= β ∂
∂y
, Ae3
(
∂
∂y
)
= 0, (4.19)
which implies β = β(x). Thus, it follows from (4.17) that
Lxx = αe3 + β(x)e4, Lxy = e3, Lyy = 0. (4.20)
Solving the last equation of this system gives
L(x, y) = z(x)y +w(x) (4.21)
for some E42-valued functions z(x),w(y). Thus, from (4.20) and (4.21) we find
Lx = z′(x)y +w′(x), Ly = z(x), (4.22)
z′(x) = e3, z′′(x)y +w′′(x) = αz′(x)+ β(x)e4. (4.23)
Hence, by applying (4.22), (4.23) and g = −dx dy, we obtain
〈z, z〉 = 〈z′, z′〉 = 〈z′,w′〉 = 〈w′,w′〉 = 0, 〈z,w′〉 = −1. (4.24)
Thus, z(x) is a null curve lying in the light-cone LC and w(x) is a null curve satisfying 〈z′,w′〉 = 0 and 〈z,w′〉 = −1.
This gives case (2).
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Equation (4.11) implies α = 0. Thus, it follows from (4.4) and (4.7)–(4.9) that
h
(
∂
∂x
,
∂
∂x
)
= 0, h
(
∂
∂x
,
∂
∂y
)
= e3, h
(
∂
∂y
,
∂
∂y
)
= γ e3 + δe4, (4.25)
φ1 = 0, φ2 = γx, δx = 0. (4.26)
From δx = 0 we get δ = δ(y). Moreover, from (4.25) we obtain
Lxx = 0, Lxy = e3, Lyy = γ e3 + δ(y)e4. (4.27)
Thus, after solving this system and interchanging x and y, we get case (2) as well.
Case (C): β, δ 	= 0 and α = 0.
In this case Eq. (4.11) gives γ = 0. Thus, it follows from Eq. (4.4) and Eqs. (4.7)–(4.9) that
h
(
∂
∂x
,
∂
∂x
)
= βe4, h
(
∂
∂x
,
∂
∂y
)
= e3, h
(
∂
∂y
,
∂
∂y
)
= δe4, (4.28)
Ae3 = x
(
0 δ
β 0
)
, Ae4 =
(
1 0
0 1
)
, (4.29)
φ1 = φ2 = 0, δx = βy = 0. (4.30)
From Eqs. (2.2), (4.29) and (4.30), we get
∇˜ ∂
∂x
e3 = −β ∂
∂y
, ∇˜ ∂
∂y
e3 = −δ ∂
∂x
, ∇˜ ∂
∂x
e4 = − ∂
∂x
, ∇˜ ∂
∂y
e4 = − ∂
∂y
. (4.31)
Thus, we find from (4.28) and (4.30) that
Lxx = β(x)e4, Lxy = e3, Lyy = δ(y)e4. (4.32)
Hence, after differentiating (4.32) and applying (4.31), we obtain
Lxxx = (lnβ)′(x)Lxx − β(x)Lx, (4.33)
Lxxy + β(x)Ly = 0, Lxyy + δ(y)Lx = 0, (4.34)
Lyyy = (ln δ)′(y)Lyy − δ(y)Ly. (4.35)
Solving equations in (4.34) gives
Lxx + β(x)L = A(x), Lyy + δ(y)L = B(y) (4.36)
for vector functions A,B . Hence, by applying (4.33), (4.35) and (4.36), we obtain
β ′(x)(Lxx + βL) = βA′, δ′(y)
(
Lyy + δ(y)L
) = δB ′. (4.37)
Case (C.1): β ′ = δ′ = 0.
In this case β and δ are nonzero real numbers. Thus, Eq. (4.37) gives A′ = B ′ = 0. So, A = c1 and B = c2 for some
vectors c1, c2 ∈ E42.
Case (C.1.1): β = a2, δ = b2, a, b > 0.
Equation (4.36) reduces to
Lxx + a2L = c1, Lyy + b2L = c2. (4.38)
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L = P(y) cosax +Q(y) sinax + c1
a2
. (4.39)
Substituting this into the second equation in (4.38) yields
P ′′ + b2P = Q′′ + b2Q = 0, c2 = b
2c1
a2
. (4.40)
Hence, L is congruent to
L = (c3 cosby + c4 sinby) cosax + (c5 cosby + c6 sinby) sinax (4.41)
for some vectors c3, c4, c5, c6 ∈ E42. It follows from β = a2, (4.32) and (4.41) that L = e4 which is light-like. There-
fore, the Lorentzian surface M lies in the light-cone LC. So, after choosing suitable initial conditions we obtain
case (3) of Theorem 4.1.
Case (C.1.2): β = a2, δ = −b2, a, b > 0.
Equation (4.36) reduces to
Lxx + a2L = c1, Lyy − b2L = c2. (4.42)
Solving this system as case (C.1.1) gives case (4).
Case (C.1.3): β = a2, δ = −b2, a, b > 0.
Interchanging x and y yields case (4) as well.
Case (C.1.4): β = −a2, δ = −b2, a, b > 0.
After solving the corresponding system for the immersion as case (C.1.1) we obtain case (5).
Case (C.2): β ′ = 0 and δ′ 	= 0.
In this case, β is a nonzero real number. Thus, it follows from (4.37) that A is a constant vector, say c1 ∈ E42.
Case (C.2.1): β = a2, a > 0.
From (4.36) and (4.37) we have
Lxx + a2L = c1, δ′B = δB ′. (4.43)
Solving (4.43) gives
L = z(y) cosax +w(y) sinax + c1
a2
, (4.44)
B = δc2, (4.45)
for some E42-valued functions z,w and vector c2 ∈ E42. Combining (4.45) with the second equation in (4.36) yields
Lyy + δ(y)L = δc2. (4.46)
Substituting (4.44) into (4.46) gives
z′′ + δz = w′′ + δw = 0, c2 = c1
a2
. (4.47)
Hence, L is congruent to
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where z and w satisfy z′′ = −δz, w′′ = −δw with δ′ 	= 0. By applying (4.48) and g = −dx dy, we obtain
〈z, z〉 = 〈z,w〉 = 〈w,w〉 = 〈z′, z′〉 = 〈w′,w′〉 = 0, 〈z,w′〉 = a−1. (4.49)
Consequently, we obtain case (6) of the theorem.
Case (C.2.2): δ = −a2, a > 0.
Equations (4.36) and (4.37) imply
Lxx − a2L = c1, δ′B = δB ′. (4.50)
Thus, after solving this case as case (C.2.1), we obtain case (7).
Case (C.3): β ′ 	= 0 and δ′ = 0.
After interchanging the role of the coordinates x and y, we also obtain cases (6) and (7) of the theorem.
Case (D): α,β, δ 	= 0 and γ = 0.
This case is impossible due to (4.11).
Case (E): α,β, γ, δ 	= 0.
Equation (4.11) gives α = −βγ/δ. Thus, we find from Eqs. (4.1), (4.4), (4.6), and the formula of Gauss that
Ae3 =
(
0 δ
β 0
)
, Ae4 =
(
1 γ
−βγ
δ
1
)
, (4.51)
Lxx = −βγ
δ
e3 + βe4, Lxy = e3, Lyy = γ e3 + δe4, (4.52)
∇˜ ∂
∂x
e3 = −β ∂
∂y
+ φ1e3,
∇˜ ∂
∂y
e3 = −δ ∂
∂x
+ φ2e3,
∇˜ ∂
∂x
e4 = − ∂
∂x
+ βγ
δ
∂
∂y
− φ1e4,
∇˜ ∂
∂y
e4 = −γ (y) ∂
∂x
− ∂
∂y
− φ2e4. (4.53)
Also, from Eqs. (4.7)–(4.10), we have
φ1 = δx
δ
, φ2 = βy
β
, (4.54)
γx + (ln δ)xγ = (lnβ)y, γy +
(
2βy
β
− δy
δ
)
γ = −δx
β
. (4.55)
Combining the two equations in (4.55) yields
β
(
γ γy − 2γ 2δx − γyδ − 2γ γxδ
) = δδx. (4.56)
From (4.53) and (4.54) we obtain
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∂x
e3 = −β ∂
∂y
+ δx
δ
e3,
∇˜ ∂
∂y
e3 = −δ ∂
∂x
+ βy
β
e3,
∇˜ ∂
∂x
e4 = − ∂
∂x
+ βγ
δ
∂
∂y
− δx
δ
e4,
∇˜ ∂
∂y
e4 = −γ ∂
∂x
− ∂
∂y
− βy
β
e4. (4.57)
The compatibility condition of system (4.52) and (4.57) is given by (4.55) and
(ln δ)xy − (lnβ)xy = 2βγ. (4.58)
Since βγ 	= 0, Eq. (4.58) shows that β and δ cannot be functions of single variable at the same time.
Solving the two equations in (4.55) gives
γ δ = f (y)+
x∫
0
δ(lnβ)y dx,
β2γ
δ
= u(x)−
y∫
0
βδx
δ
dy (4.59)
for some functions u(x), f (y).
Case (E.1): φ2 = 0.
We get β = β(x) which is a nonzero function. Thus, Eqs. (4.54), (4.55), and (4.59) imply that
φ1 = −(lnγ )x = (ln δ)x, δ = f (y)
γ
,
(
γ
δ
)
y
= − φ1
β(x)
. (4.60)
The last equation in (4.60) can be expressed as
γy = γf
′(y)
2f (y)
+ f (y)γx
2β(x)γ 2
. (4.61)
Also, Eqs. (4.52) and (4.53) become
Lxx = β(x)e4 − β(x)γ
2
f (y)
e3, Lxy = e3, Lyy = γ e3 + f (y)
γ
e4, (4.62)
∇˜ ∂
∂x
e3 = −β(x) ∂
∂y
+ φ1e3, ∇˜ ∂
∂y
e3 = −f (y)
γ
∂
∂x
, (4.63)
∇˜ ∂
∂x
e4 = − ∂
∂x
+ β(x)γ
2
f (y)
∂
∂y
− φ1e4, ∇˜ ∂
∂y
e4 = −γ ∂
∂x
− ∂
∂y
.
By using the first equation in (4.61), we see that the compatibility condition of system (4.62)–(4.63) implies that
lnγ satisfies the following Poisson’s equation:
(lnγ ) = (lnγ )xy = −2bγ. (4.64)
From Eqs. (4.61) and (4.64) we find
γxx = 3γ
2
x
γ
+ β
′(x)γx
β(x)
− 4β
2(x)γ 4
f (y)
,
γxy = γxγy − 2β(x)γ
3
γ
,
γyy = f
′(y)γx
2 −
f 2(y)γ 2x
2 5 −
f ′2(y)γ
2 +
f ′′(y)γ − f (y). (4.65)2β(x)γ 4β (x)γ 4f (y) 2f (y)
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6f 2(y)γx + β(x)f ′(y)γ 3 = 0. (4.66)
Solving this equation yields
γ 2 = 3f
2(y)
ψ
(4.67)
for some function k(y) where
ψ = 3f 2(y)k(y)+ f ′(y)
x∫
0
β(x)dx.
Substituting these into Eq. (4.64) gives
16ψ3 = 3(ff ′k′ + k(2f ′2 − ff ′′))2. (4.68)
Hence, after differentiating (4.68) with respect to x, we find f ′(y) = 0. Thus, f is a nonzero real number. So, we
obtain from (4.61) that γx = 0. Hence, by using Eq. (4.57) we have γy = 0 as well. Consequently, γ is a constant,
which contradicts to (4.64). Therefore, this case is impossible.
Case (E.2): φ1 = 0.
After interchanging the role of the coordinates x and y, this case reduces to Case (E.1) which is impossible.
Case (E.3): φ1, φ2 	= 0.
It follows from Eq. (4.54) that δx,βy 	= 0. Hence, Eqs. (4.55) and (4.56) imply that (γ δ)x 	= 0 and
γ γy − 2γ 2δx − γyδ − 2γ γxδ 	= 0.
Thus, we have
β = δδx
γ γy − 2γ 2δx − γyδ − 2γ γxδ . (4.69)
Now, suppose that the function γ is a nonzero constant, say c. Then, it follows from Eq. (4.69) that we have
δ = −c2β . Thus, Eq. (4.55) reduces to βy = cβx . Hence, we obtain β = f (u),u = x + cy, for some function f .
Consequently, system (4.52) and (4.57) becomes
Lxx = f (u)e4 + e3
c
, Lxy = e3,
Lyy = ce3 − c2f (u)e4,
∇˜ ∂
∂x
e3 = −f (u) ∂
∂y
+ f
′(u)
f (u)
e3,
∇˜ ∂
∂y
e3 = c2f (u) ∂
∂x
+ cf
′(u)
f (u)
e3,
∇˜ ∂
∂x
e4 = − ∂
∂x
− 1
c
∂
∂y
− f
′(u)
f (u)
e4,
∇˜ ∂
∂y
e4 = −c ∂
∂x
− ∂
∂y
− cf
′(u)
f (u)
e4. (4.70)
The compatibility condition of system (4.70) yields β = 0 which is a contradiction. Hence, we conclude that the
function γ is a nonconstant function. Consequently, we obtain case (8) of the theorem. 
Remark 4.1. It is straightforward to verify that the eight types of surfaces given in Theorem 4.1 are marginally trapped
Lorentzian flat surfaces in E42.
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Let L : M → E42 be an isometric immersion of a Lorentzian surface M into E42. For a pseudo-orthonormal tangent
frame {e1, e2} on M satisfying
〈e1, e1〉 = 〈e2, e2〉 = 0, 〈e1, e2〉 = −1, (5.1)
the Laplace operator  on M acting on smooth functions is given by
f = e1e2f + e2e1f − (∇e1e2)f − (∇e2e1)f. (5.2)
Recall that, with respect to the pseudo-orthonormal frame e1, e2, the mean curvature vector H is given by
H = −h(e1, e2). (5.3)
The next theorem completely classifies biharmonic marginally trapped Lorentzian surface in E42.
Theorem 5.1. A marginally trapped Lorentzian surface in E42 is biharmonic if and only if M congruent to one of thefollowing surfaces:
(a) A surface defined by
L(x, y) = 1√
2
(
ϕ(x, y), x + y, x − y,ϕ(x, y)),
where ϕ(x, y) is a function satisfying ϕxy 	= 0 and ϕxxyy = 0 on an open domain U ⊂ E21.
(b) A surface defined by
L(x, y) = z(x)y +w(x),
where z(x) is a null curve in the light-cone LC and w(x) is a null curve satisfying 〈z′,w′〉 = 0 and 〈z,w′〉 = −1.
Proof. Assume that L : M → E42 is a biharmonic marginally trapped Lorentzian surface in E42. Then there exist a
pseudo-orthonormal tangent frame {e1, e2} and a pseudo-orthonormal normal frame {e3, e4} such that
〈ei, ei〉 = 0, 〈e1, e2〉 = −1, ∇ei ej = 0, i, j = 1,2,
H = −e3, 〈e3, e3〉 = 〈e4, e4〉 = 0, 〈e3, e4〉 = −1. (5.4)
Moreover, the second fundamental form, the shape operator, and the normal connection of L are given by
h(e1, e1) = αe3 + βe4, h(e1, e2) = e3, h(e2, e2) = γ e3 + δe4, (5.5)
Ae3 =
(
0 δ
β 0
)
, Ae4 =
(
1 γ
α 1
)
, (5.6)
∇Xe1 = ω(X)e1, ∇Xe2 = −ω(X)e2, (5.7)
DXe3 = φ(X)e3, ∇Xe4 = −φ(X)e4 (5.8)
for some real-valued functions α,β, γ, δ. Let us put
ω1 = ω(e1), ω2 = ω(e2), φ1 = φ(e1), φ2 = φ(e2).
From Eqs. (5.5), (5.7) and Eq. (2.5) of Codazzi, we find
e1γ = φ2 − γφ1 − 2ω1, e2α = φ1 − αφ2 + 2ω2, (5.9)
e1δ = δφ1, e2β = βφ2. (5.10)
Combining Eqs. (5.8), (5.9) and e3 = −H gives
De1H =
e1δ
H, De2H =
e2β
H. (5.11)
δ β
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− traceADH = ADe1He2 +ADe2He1 = (e1δ)e1 + (e2β)e2. (5.12)
Since M is marginally trapped and biharmonic, Lemma 2.1 and Eq. (5.12) imply that e1δ = e2β = 0. Thus, by Eq.
(5.11), we get DH = 0. Therefore, Eq. (2.14) of Lemma 2.1 reduces to
h(e1,AHe2)+ h(e2,AHe1) = 0. (5.13)
So, by using Eqs. (5.5), (5.6), H = −e3 and Eq. (5.13), we know that the Gauss curvature of K satisfies K = αδ +
βγ = 0. Thus, the Lorentzian surface M is flat. Hence, Theorem 4.1 implies that L is congruent to one of the eight
types of surfaces described in Theorem 4.1.
If M is of type (1), we have
L(x, y) = 1√
2
(
ϕ(x, y), x + y, x − y,ϕ(x, y)), (5.14)
where ϕ(x, y) is a function with ϕxy being nowhere zero on an open domain U ⊂ E21. The metric tensor of this surface
is g = −dx dy. So, we get from Eq. (5.2) that
ϕ = 2ϕxy. (5.15)
Since the immersion L is biharmonic, ϕ satisfies ϕxxyy = 0, i.e., 2ϕ = 0. This gives case (a).
If M is of type (2), we have
L(x, y) = z(x)y +w(x), (5.16)
where z(x) is a null curve in the light-cone LC and w(x) is a null curve satisfying 〈z′,w′〉 = 0 and 〈z,w′〉 = −1.
Again, the metric tensor is given by g = −dx dy. From Eq. (5.16) we get
L = 2z′(x) 	= 0, 2L = 0. (5.17)
Hence, the immersion (5.16) is biharmonic. This gives case (b).
By direct computation, we know that the marginally trapped surfaces of types (3)–(7) of Theorem 4.1 are not
biharmonic.
Finally, let us assume that the marginally trapped surface L : M → E42 is of type (8). Then it is a surface given
by ψγδ : M → E42 for some nonconstant functions γ, δ satisfying the conditions mentioned in Proposition 3.1. The
second fundamental form h and the normal connection D of the marginally trapped surface satisfy
h
(
∂
∂x
,
∂
∂x
)
= βe4 − βγ
δ
e3, h
(
∂
∂x
,
∂
∂y
)
= e3, h
(
∂
∂y
,
∂
∂y
)
= γ e3 + δe4, (5.18)
D ∂
∂x
e3 = δx
δ
e3, D ∂
∂y
e3 = βy
β
e3, D ∂
∂x
e4 = −δx
δ
e4, D ∂
∂y
e4 = −βy
β
e4, (5.19)
for some nonzero functions β,γ, δ and a pseudo-orthonormal normal frame {e3, e4} satisfying
〈e3, e3〉 = 〈e4, e4〉 = 0, 〈e3, e4〉 = −1. (5.20)
Since the metric tensor on M is given by g = −dx dy, it follows from Eqs. (5.18) and (5.20) that the shape operator
satisfies
Ae3 =
(
0 δ
β 0
)
, Ae4 =
(
1 γ
−βγ
δ
1
)
. (5.21)
Further, if we put e1 = ∂∂x , e2 = ∂∂y , then e1, e2 satisfy ∇ei ej = 0, i, j = 1,2, and also condition (5.1).
Since L : M → E42 is a biharmonic isometric immersion, Lemma 2.1 implies that Eqs. (2.14) and (2.15) hold.
On the other hand, since H = −e3, Eqs. (2.14)–(2.16), (5.3), and (5.18)–(5.21) give
DH = {2(lnβ)y(ln δ)x + (lnβδ)xy}H, (5.22)
h(e1,AHe2)+ h(e2,AHe1) = −2βδe4. (5.23)
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2(lnβ)y(ln δ)x + (lnβδ)xy
}
e3 = 2βδe4. (5.24)
Since e3, e4 are linearly independent vectors, Eq. (5.24) yields βδ = 0, which is a contradiction due to the fact that
β, δ are nonzero functions for surfaces of type (8). Consequently, marginally trapped surfaces of type (8) are nonbi-
harmonic.
The converse can be verified by direct computation. 
Remark 5.1. It was pointed out in [14] that the classification of Theorem 6.1 in [7] was incomplete. On the other
hand, Theorem 5.1 above provides us a complete classification of biharmonic Lorentzian surfaces with light-like
mean curvature vector in the pseudo-Euclidean space E42. Consequently, Theorem 6.1 in [7] shall be replaced by
Theorem 5.1 above.
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